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m O D U C T I O N  

The spatial distribution of trips from origin zones to destination zones is usually modelled by 
physical analogy (eg. gravity model) or by discrete choice i?om among destination zones. In 
order to improve the microeconomic interpretation, Koenig (1974) and Cochrane (1 975) have 
introduced a model of choice from among individual activities, in which it is assumed that 
(i) all activities have independent, identically distributed random utilities, and (ii) an activity 
serviced to a consumer is stiU available to other ones. 
The purpose of the paper is to put forward a novel model of choice from among individual 
activities, called AVA for Accessibility to Vacant Activities. In AVA it is assumed that each 
activity has a gross value same for all consumers, and that each consumer chooses the best 
vacant activity, i.e. the one with maximal net value affer subtraction of the transport cost. 
Thus the distribution of trips eom origins to destinations results from the individual 
assignment of activities to consumers. 
The paper contains four parts. First AVA's assumptions are introduced and discussed. Then 
their consequences are analyzed in the binary case. The gravity model is obtained as a special 
case, assuming exponentially-distributed utilities for activities in every destination zone. Next 
we address the general case with several origin and destination zones; we formulate the model 
as the solution of a concave maximition program, ofwhich the objective function represents 
the consumer surplus. This is further extended to elastic demand and congested transport. 
Lastly AVA is compared to other trip distribution models, with emphasis on the Koenig- 
Cochrane model. 

1 ECONOMIC ASSUMPTIONS 

Activity supply in a destination zone. Let us considera destination zone, say d, in which 4 
activities of a given purpose are supplied. Each activity k has a gross value of vk to any 
potential consumer (eg. wages for work purpose, or the opposite of price for leisure purpose). 
We denote by H d  the CDF of the gross activity values in zone d. Thus the number of 
activities with gross value greater than v is Ad(l-Hd(v)). We also assume that every activity 
may be serviced to one consumer only. 
Activity demand. Activity demand is the set of the potential activity consumers. A consumer 
located in an origin zone o derives from an activity k in zone d with gross value vk a net 
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VdUe U k ( 0 )  = Vk - God, in which God k the transport COSt &om 0 to d. we assume that 
each activity consumer is a rational economic decision-maker and strives to maximize the net 
value of his consumption. 
Demand-supply equilibrium. By omitting the transport cost, we may focus on the local 
activity market of a single destination zone d. Assuming there are X, consumers, this 
corresponds to the number of serviced activities, Td , if X, 5 Ad.  Only those activities with 
high value may be consumed since every consumer maximiis their gross value (identical to 
net value in this case). Thus the equilibrium point ofthe market corresponds to quantity Td 
and Value vd such that Td = & ( I -  Hd(Fd)).  

We further make the regularity assumption that the volumes check 0 5 X, s 4 and that the 

inverse function H;' is continuous on 10, I[. We also define H;*(o) = inf{v ; f f&)  7 o 1 
and ff>'(l) =SUp{V; H d ( V ) < 1 } .  

Then if 0 < Td = x, < Ad it holds that ?d = &'(I -Td / A d )  and corresponds to both the 
minimum value of serviced activities and the maximum value of vacant activities: we call it 
the accessibility to vacant activities (AVA). If Td = 0, then vd = Hi'(0) corresponds to only 

the maximum value ofvacant activities, whereas if Td = Ad,  then i;d = H>'(I) corresponds 
to only the minimum value of serviced activities. 
We can measure the total gross surplus of consumers by summing the gross values of the 
serviced activities: letting sd(X) = $HZ'(l- a ) d a ,  

GSd = A d g  VdHd(V) = AdA-Td,Ad 1 Hz'(a)da = A d s d ( T d / A d ) .  
d 

The net surplus being the difference between gross surplus and transport cost, in the case of a 

Fig. a. Demand-suDDlv eauilibrium. 

UiqUe tEiXlSpOft COSt Gd the total net SUrPhlS O f  collsumers iS NSd = GSd-  TdGd. 
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2 BINARYCASE 

When the activities are located in several destination zones, their microscopic competition has 
a spatial outreach and gives rise to a macroscopic competition between destination zones. 

2A Equilibrium between destination zones 

We consider a single origin zone o with X ,  consumers and two destination zones d and 8, 
each of them with its own Ad and Hd . Let us denote by Gd and G c  the transport cost &om 
o to d and 8 respectively. The equilibrium state of the economic market is characterized by 
the endogenous quantities Td and T'r which count the consumers serviced in d and d', and 
by the endogenous net values Hj'(1- -) Td - Gd = Fd and H i !  (1 - z) - Gdr = Fdr. 

Let us assume that the problem is regular, i.e. Ad 2 0, A& 2 0, A', 2 0, A', 5 Ad +Ad, and 

continuity of H i 1  and Hi!  on 10, 1 [. 

The equilibrium state may be analysed with respect to the number of congested zones, in 

Case A, no congested zone. If one zone, say d, is loaded then the maximal net value of vacant 
activities in d is Fd . It must hold that Fd, I Fd for if Fd, > Fd then the last customer of 
zone d would divert to zone d' . 
Case B, only one congested zone. E one zone, say d, is congested then the maximal net value 
of vacant activities is F c ,  which satisfies F8 5 Fd as in Case A. 

Case C, both zones are congested. In this case only the minimum value of serviced activities 
if of economic significance, min{ Fd , Fd, } . 
Whatever the case we may define three dual variables Pd , pdv and uo as depicted below. 

Ad 

which Td = Ad. 

Number of 
congested zones 

None 

One only, say d 

Both 

Dual variables Interpretation of U, 

U, = max{ Fd, F c  ] 
p d = O  and p d r = O  
U, = F8 vacant activities 

U, =min(Fd, Fdt} 
Pd = Fd-Uo and Pdf = Fc-Uo 

Maximum value of 

Pd = Fd-Uo and Pc = o  
Minimum value of 
serviced activities 
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Figure b represents the competition between two destination zones. The x-axis corresponds to 
the net value of vacant activities, either for one zone or both. In the upper part (resp. lower 
part) the y-axis corresponds to the number of serviced consumers Td (resp. Td,).  Each 
volume depends on the net value through ?d(U) = A d ( l - f f d ( u  +Gd)). which satisfies the 

conditions o I td  (U) I Ad and U = ~ 2 '  (1 - ?d (U) / Ad)  - Gd . Then the equilibrium volumes 
correspond to the abscissa ii at which point ?d(ii) + ?#(ii) = X, . 

Fig. b. ComDetition between two destination zones. 

2C Mathematical study 

From the previous discussion, the primal variables Td and Td, and the dual variables check 
the following system of conditions which characterizes an equilibrium: 

T d - A d I o ,  Pd 20, Pd(Td-Ad)=O,  

Tdr - Ad, 5 0 ,  Pd' 20, Pd,(Td'-Ad,)=O, 

Td 20, Fd-Uo-Pd 50, Td(Fd-U, -Pd)=O,  

T8  2 0 ,  Fd*-Uo-p& SO, T # ( F # - u o - ~ & ) = 0 ,  

T d + T & - X o = O .  

Thus the dual variables may be inteqxeted as Lagrange multipliers associated with constraints 
Td - Ad I 0, T c  -Ad, I 0 and Td + Tdt - x, = 0 respectively. Furthermore, let US consider 

the function J(Td;Td') = cdA&d(Td /Ad) -GdTd  (where sd(x) = gxz-'(l-a)da), Of 

which the derivatives are 

conditions of the following optimization program: 
Th. Optimization program of binary AVA model. An equilibrium state of the binary AVA 
model is an optimal solution to: 

maxrd ,Td'2~ J(Td;Td'), subject to Td - Ad I 0, Td' -Ad' 5 0 and Td + Td, - x, = 0. 

= Fd (Td) .  The characteristic conditions are the Kuhn-Tucker 
md 
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Proof. The LWangian iS L(Td,Td', Pd. Pd', 240) = J- z d  Pd(Td -Ad) -Uo(cdTd - xo) I in 
which the dual variables Pd and Pd' are non negative. Its derivatives are as foIlows: 

aL/ 3rd = Fd - Pd - U o  ; aL/apd = Ad - Td and aL/ a U o  = xo - &Td . 
The Kuhn-Tucker conditions for a saddle point of L are 

aL/aTd S 0, Td 2 0 et TdaL/aTd = 0 

aL/apd20, P d > O  et Pd&/aPd=O 

a u a u ,  = o  
i.e. the characteristic conditions for an AVA equilibrium state. 

2D Economic interpretation 

If zone d is loaded and uncongested, i.e. 0 <Td< Ad, then at equilibrium the net value of the 
best vacant activity in zone d from zone o is uo = Fd , equal to that in zone d' if 0 <Tdi <Ad.. 
Thus uo measures the accessibility to vacant activities. 

As the objective function J is the sum of the net consumer surpluses in zone d and zone d', it 
measures the total net consumer surplus. In the uncongested case, at equilibrium the 
derivative of the optimal value of J with respect to X o  is equal to uo . 

2E 

Assuming exponential distributions Hd (v) = Hdt (v) = 1 - exp(-hd(v - md)) for v 2 m or 0 
otherwise, we obtain a primitive function sd(x) = x[&+ md] and an objective function 

From exponential distribution to gravity model 

i d  

Td 
Ad 

The equilibrium condition of 0-D pair o-d under Td 20 is H;' (1 - -1 = uo + Gd + Pd, or 

eqUiVab3ltly Td' Ad exp[-hd(Gd + U o  + Pd - md)]. 

SUmlYling over d we obtain a formula xo = cd Ad exp[-hd(Gd + U o  + Pd - md)] which 
characterizes the accessibility, and also the optimal value of the objective function, J* = 
uoxo  + CdTd(lIad Pd). 

Assuming identical distributions Hd = Hdr and uncongested destinations i.e. pd = Pd' = 0, 
the formulae reduce to 

U, = m + $III ~ d ~ e x p [ - ~ ~ d l  Ad for the accessibility variable. 
0 

J* = Xo(uo + 1 Ih) for the optimal total net surplus, 

-- Td - Ad exp[-hGdl for the ratio oftwo 0-D volumes. 
Tdf Ad, exp[-hGd.] 

Thus the gravity formula is established within a rigorous hmework for economic evaluation. 
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3 GENERALCASE 

3A Basic model 

Let us now consider several destination zones, indexed by d, and several origin zones, 
indexed by 0. We denote by T,d the 0-D flow from o to d, hence Td = C,Tod.  The 
regularity condition becomes Ad 2 0, X, 2 0, c , X ,  - C d A d  S 0 and the continuity of 

functions H;' on 10, I [. 

Following the same h e s  as in the binary case, it has been shown (Leurenk 1999) that an 
activity market equilibrium is characterized by the following system of conditions: 

T d s A d ,  Pod>O, Pod(Td-Ad)=O, 

Tod20,  F,d-Uo-pd<O, rod (F,d-U,-pd)=Oi"which F0d = H d l ( l - - ) - G o d ,  Td 
Ad 

C d T o d = X o .  

This makes a generalized complementarity problem, from which an optimiition program 
may be derived under the last assumption that activity consumers maximize the net total 
surplus. Thus two activity consumers located in zone o and 0' and performing activities in 
zone d and 8, will exchange their activities if this allows the sum of their net individual 
values to increase. 
Th. Optimization program of general AVA model. An equilibrium state of the general 
AVA model is a solution to: 

mmTz0 Jv)=&AdSd(Td /Ad)-CodTodGod 

subject to c,Tod - Td = 0 and Td -Ad I 0 and &Tod - X, = 0. 

It should be emphasized that a solution to the maximization program also solves the 
generalized complementarity problem: the last assumption is consistent with all of the 
previous ones. 
Existence and uniqueness corollary. [i] Under the regularity condition, there exists an 
optimal solution to the general AVA model. [ii] The set of optimal solutions is convex. 
[iii] The objective function has a unique value at equilibrium. 
Proof. [i] because the feasible set is non empty and bounded hence compact, while the 
objective function J is continuous. [i] and [iii] stem from the concavity of J. 

3B Economic interpretation 

The objective function J still represents the total net surplus of the consumers. 
The dual variables U, and Pd still contribute as Lagrange multipliers to the Kuhn-Tucker 
optimality conditions of the maximization program. If Tod> 0 then F0d -U,, - p d =  0 which 

implies that, asSUming Td <Ad and Pd = 0, U,= Hdl(l -Td /Ad)-Gu,j  iS the maximum 
net value of vacant activities in zone d from zone 0. Conversely if Tod = 0, either Td < Ad in 

which w e  (1 - Td / A d )  - God I u, and zone d is inferior to other destination zones 
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(from origin o), or Td = Ad in which case Pd= H;'(O)- God - u, measures the difference 
between the minimum net value serviced in zone d from zone o and the available value U,. 

3C Extension to congested transport 

The dependency of transport costs on the level of traffic may be modelled in AVA hy 
transforming the constants God into functions of network path flows. Let K,d denote the set 
of network paths from origin o to destination d, and K = 6 d  K,d ; the vector of path flows is 
f = ( f k ) k e ~ .  Each path k has its own transport cost function gk(fl. 

Then we may express God as a function of vector f either in a direct way by God = g,d(fl, 
or via the path costs God = hod((gk(Q)kEKod) in which hod is an additional function (for 
instance hod =min in minimum cost assignment, or a log-sum formula in logit assignment). 

It is straightforward to include the dependency God@ into the system of characteristic 
conditions. However, to avail ourselves of an optimization program, we require the further 
assumption that these functions should derive from a potential function U, i.e. God = %. 
Then the objective function becomes J(T) = Cd AdSd(Td /Ad) - U(T) , or alternatively 

arises when l i i  travel time functions tu(xu) are considered, in which xu = fk : 

minimumtimeassignmentyieldsthat Gk(f)=CUEkt, and U(f) = C,F(Qt,(z)dz. 

3D Extension to elastic demand 

For every origin zone o we may relate the demand volume X, to the net value of vacant 
activities, i.e. the multiplier U,. Let us assume that X, = D,(K, - U,), in which Do is a 
demand function, K, is a constant and K, - U, converts the intrinsic value U, into a price 
(which is the usual argument of a demand function). The constant K, is set together with the 
function Do. 

We add the following conditions to the previous system of characteristic conditions: 

The second inequality states that ifno positive X, corresponds to a given U,, then X, = 0 is 

associated to a willingness-to-pay of D;'(o) I K, - U, . 
The resulting characteristic system consists in the Kuhn-Tucker optimality conditions of the 
following maximkition program. 
Th. Elastic demand AVA model. An equilibrium state (T, X )  of the elastic demand AVA 
model is a solution to: 

J(f) = ,&AdSd(Td /Ad)- u(f) by that Tod = CkEKodfk . The eXpreSSiOn 

X ,  20, D~'(X,)-(K~-U~)IO and X o [ D ~ l ( ~ , ) - ( K o - U o ) ] ~ ~ .  
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Economic interpretation. Again the objective function 7 may be interpreted as the total net 
consumer surplus, measured with respect to alternative consumption (economic goods other 
than activities). The area undcr the inverse demand curve, ~ [ ~ ; ' ( x ) - K , ] ~ x ,  measures the 
gross surplus fkom which the consumers would benefit were they not to consume any activity: 
then ~ ; l ( x ) - K o l ~ - ~ , u ,  measures the net opportunity cost of activity consumption. 

As the objective function 7 subtracts the opportunity cost from the net surplus J(T) - 
CO X,u, , it represents the net surplus with respect to alternative consumption. 

The elastic demand AVA model enables one to simulate the reaction of activity demand to 
supply measures such as a variation in transport costs. 

4 COMPARISON TO OTHER DISTRIBUTION MODELS 

4A General discussion 

Economic content. Amongst other trip distribution models, only the opportunity model and 
the accessibility model of Koenig (1974) and Cochrane (1975) represent activities in an 
explicit way. In the opportunity model there is no value associated with activities, and the 
destination choice is a random process rather than an economic choice. In the Koenig- 
Cochrane model (later denoted by ACK), every consumer associates to every activity a 
subjective value which is a random variable subject to aggregation constraints with respect to 
first the individual consumer (a given CDF for all gross values) and second the population 
(same CDF for all consumers). All activities have the same gross mean subjective value, 
which does not enable one to distinguish one fkom another (except by location). Lastly, the 
occupation of activities is associated with destination zone and not with individual activity. 
Formal side. The gravity, opportunity, ACK and AVA models possess a mathematical 
formulation with characteristic conditions; so does a discrete choice model of destination 
zone. The former models are also endowed with a characteristic optimiition program, with 
nice existence and uniqueness properties. In the single origin case, the optimization program 
is almost identical for the gravity, ACK and AVA models. 
Technical side. The gravity and ACK models may be solved very efficiently by the balancing 
method or Newton's method. The AVA model may be addressed by Newton's method or 
standard assignment algorithm (eg. convex combination). 
Empiric side. This involves the specification of exogenous variables and the estimation (or 
inference) of missing exogenous parameters. The AVA model requires as much information 
as a gravity model or a discrete choice model of destination zone, which is more than required 
by an opportunity model or the ACK model. As regards estimation or inference, let us only 
state that AVA can be identified since, in the fixed-demand case with every distribution Hd 
described by two parameters ad and bd,  there are Dt3D parameters X ,  , Ad, ad and bd to 
be estimated using OD observed origin-destination flows. 

4B 

In the ACK model, Ad activities are supplied in each destination zone d. These are evaluated 
on a subjective basis by a given consumer: the subjective gross value of an activity is the 
outcome of a random variable, with cumulative distribution function H. 

Formal comparison between AVA and ACK 

314 



It is assumed that the market share of zone d is equal to the probability that zone d contains 
the activity with maximum net value. In the binary case with independent activities and 
exponential distribution H(v) = 1 - exp[-h(v - m)] for v 2 m or 0 otherwise, this probability 
amounts to 

- Td Ad exp(-hGd) - _  
Ad exp(-hGd) + Ad' exp(-hG#) 

When there is no congestion, this is identical to AVA's formula for exponential functions 
Hd = H8. In ACK the average net subjective value of consumed activities is called the 
accessibility of zone o and formulated as follows, in which y w 0.5772 denotes Euler's 
constant, 

X ,  ' 
pod = 

U; = m + l [ y  + h &Ad exp(-hGd)]. 

This looks like AVA's accessibility U, apart f?om two differences: first U; includes y, 
second in U, the Ad volumes are divided by X ,  , which normalizes the volumes. Koenig 
(1975) also defines the total net surplus to be J'* = X,ub, which is close to AVA's net 
surplus J* = X, (uo + 1 / I ) .  

To model congestion, let us assume that the number of serviced activities in zone d is further 
constrained by Bd -5 Ad. As in ACK the activities cannot be distinguished f?om each other, 
the effect is to restrict Td = min{ Bd, Xopod}. This amounts to reduce the gross values of 
zonal activities by ph such that 

?. 

- Td = Ad exp[-h(Ph + Gd)I 
X, Ad eXp[-h(ph + Gd)] + Ads exp(-hGds) ' 

X Ad' If Td < Bd then Ph = 0. If Td Bd then m=l +-exp[-h(G$ - Ph - Gd)] hence Ph = 
Bd Ad 

Koenig (I 975) still considers a total net surplus of J'* = X,u;. 

In AVA it is necessary to identify the values of the Bd remaining activities. A natural 
assumption is that they correspond to the upper part of the distribution. Then the only 

Bd adaptation iS t0 replace (Ad, Hd ) with ( Bd , Hh) Such that Hh (V) = 0 if Hd (V) < 1 - - O r  
Ad 

It may be easier to maintain Ad and Hd in the objective function and to replace constraint 
Td I Ad with Td I Bd. Assuming an exponential function H d ,  the equilibrium conditions 
are Td=Adew[-hd(Gd +Uo f p d  -md)] and Td=min(Bd,Adexp[-hd(Gd+U, - m d ) ] } .  
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Ad 1 X B  Thus Pd - 1  - -h(-)+-h(- ) + md - rn8 + Gdf - Gd . Assuming identical 

functions Hd = Hdr , the formulae of AVA’s Pd and ACK’s p h  are identical. However 
AVA’s surplus J* = X ,  (U, + 1 / h) + Bdpd differs notably f?om Koenig’s formula for J’* . 

4C Numerical illustration 

We shall apply the ACK and AVA models to a binary case, either with congestion or not. 
Data. As regards the two destination zones, we assume identical, exponential distributions 
Hd with parameters m = 32.7 and l/h = 73.0 (in euros) which mimic the distribution of 
wages in France for one working day. Supplied volumes are Ad = 200 and A 8  = 500. In the 
congested case, it is assumed that in zone d the number of serviced customers satisfies 
Td s Bd = 100. This additional constraint is interpreted in AVA as the restriction of 

hd Bd h# A# 

distribution ( A d ,  H d )  to Bd higher ValueS. 

As regards the origin zone, a reference situation is defined with demand volume X ,  = 400, 
transport Costs Gd = 6 and Gdr = 15 euros. 

Tests. We shall conduct two series of tests, by varying G c  and second by varying X ,  . 
In each case four models were applied: ACK without Bd, ACK with Bd, AVA without Bd 
and AVA with Bd. The results of each application consist in the accessibility U, and the total 
net consumer surplus, measured with respect to the reference situation. 
Variation of Gd, . Without congestion the total net surpluses of AVA and ACK are identical 
(fig. c); the accessibilities are identical up to a constant term. Congestion changes AVA’s 
results to a limited extent, but its effects on ACK are important because Koenig’s formula 
J* = X,u, (wrongly) omits the contribution of the Pd variables. 

Fig. c. Variation wi 

Accessibilitv 

-W -10 0 10 W 3l 40 

resoect to Gd, . 
Total net surplus 
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4D Summary 
Despite the word analogy, the economic interpretations of the AVA and ACK models are 
quite different. This is reflected by the mathematical formulae. In particular the formula for 
the accessibility in the binary model contains an obvious difference: the supplied quantities 
4 are divided by the demand volume X ,  in AVA, not in ACK. Then ACK induces a bias 
towards large size, which is wrong according to AVA's assumptions. 
Let us also remark that zone-specific distributions of supplied activities (4, H d )  may be 
identified in AVA, which may be used to represent structural differences across destination 
zones (eg. center versus periphery in an urban area). 

5 CONCLUSION 
The AVA model of accessibility to vacant activities is founded on explicit microeconomic 
assumptions: each activity has individual objective economic value, occupation and location. 
Each activity consumer, ffom his origin zone, derives ffom the consumption of an activity a 
net value equal to the activity gross value minus the transport cost. A marginal consumer will 
choose the vacant activity with maximal net value. At market equilibrium, in each destination 
zone only the best activities are consumed, each of them by a single consumer. 
Thus the concepts of surplus and accessibility have a clear and rigorous significance; they are 
characterized by quantitative variables which stem ffom the supply-demand equilibrium on 
the activity market. 
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By representing the supplied activities of each destination zone in a probabiliitic way, we 
have endowed the AVA model with a standard mathematical formula: the model is 
characterized by a generalized complementarity problem as well as by a concave 
m-ization program, of which the objective function represents the total net consumer 
surplus. The accessibility i?om an origin zone is the dual variable associated to the split of the 
zonal demand volume between the destination zones. 
Our mathematical formulation enables one to apply AVA in the same way as previous 
distribution models, to which it is superior due to its microeconomic foundation. 
Further work on AVA should address the differentiation of the consumers located in a given 
origin zone, and their selection by the activity suppliers. Thii would lead to an explicit 
representation of activity supply and its economic surplus. 
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